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Mechanical Properties of Solids

No real objectis perfectly rigid — every solid deforms a little when a force acts on it,and most solids spring back once that force is
removed. This chapter quantifies that springiness through stress, strain, and a handful of elastic constants, then uses them to answer
very practical questions: how much will a wire stretch, how tall can a mountain be, and how thick should a crane's cable really be.

1. Elastic Behaviour of Solids

A deformingforce tries to change the length, volume, or shape of a body. Elasticity is the property by which a body resists this change
and returns to its original size and shape once the force is removed. No material is perfectly elasticor perfectly rigid in practice — these
are usefulidealisations at opposite ends of a spectrum.

e Perfectly elasticbody: regainsits original form completely once the deforming force is removed. Quartzand phosphor-bronze
come closest to thisideal.

e Plasticbody: shows little to no tendency to oppose deformation and stays deformed even after the force is removed.

e Restoringforce:theinternalforce, arising fromintermolecularinteractions, that opposes the deformation. Atequilibrium, its
magnitude equalsthe applied deformingforce.

e Diamond isthe closest real approximation to a perfectly rigid body — its constituent particles barely shift position underordinary
forces.

2. Stress and Its Types

Stressistherestoring force developed per unit cross-sectional area inside a deformed body. Since the internal restoring force balances
the external deformingforce at equilibrium, stress can equally be computed from eitherone.

Stress=F /A
N/m? (pascal)
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e Longitudinal (normal) stress acts perpendicular to the surface. Itis tensile stress if it stretches the body and increases its length,
and compressive stress if it squeezes the body and reduces its length.

e Volume stress arises when equal normal forces act over the entire surface of abody, changingonly its volume.
e Shearstress acts tangential to the surface. It changes the shape of the body but leavesits volume unchanged.

e Breakingstress (ultimate strength) is the stress at which a material actually fractures. It depends on the nature of the material,
temperature, and impurities — but NOT on the cross-sectional area or the magnitude of the applied force.

e Because breaking stressis a fixed material property, the maximum load a wire of given material can bear before breaking is directly
proportional to its cross-sectional area.

3. Strain and Its Types

Strain measures the fractional deformation produced — the change in a dimension divided by its original value. Being a ratio of two
similar quantities, strain has no units or dimensions.

e=AL/L
AV /v

@ = Ax / L (= tane, for small @)

e Longitudinalstrain occursonly in solids, since it requires a definite length to be preserved alongone direction.



e Shearstrain @ equalsthe angular displacement of aface of the body, measured as the sideways shift of the upper face relative to
the lowerface, divided by the separation between them.

e Foracylinderoflength land radiusr, twisted through angle 0 at the free end while fixed at the other, the angle of shear @ at the
surface relates to the angle of twist 8 through r@ =@, so @ =rf/l. Even a small angle of twist 8 produces a much smaller angle of
shear@whenr<<l.

e Strainin thedirection of the applied force is called longitudinal strain; strain in a direction perpendicular to it is lateral strain —
these two are linked through Poisson's ratio (Section 7).

4. The Stress-Strain Graph

Plotting stress against strain as a wire is loaded reveals distinct regions of behaviour, and the shape of this curve s itself used to
classify how a material responds to increasing load.

e Proportionallimit:in theinitial, linear portion of the graph, stressis directly proportional to strain — thisis the region where
Hooke's law holds and the body behaves elastically.

e Elasticlimit (yield point): beyond the linearregion, stress and strain are no longer proportional, but the body still fully recoversits
original dimensionsif the load is removed before this point.

e Plasticregion: past the elasticlimit, removing the load no longer brings strain back to zero — the body retains a permanent set.
Furtherloadingin thisregion produces a rapid rise in strain for comparatively little extra stress.

e Tensile strength (ultimate point): beyond this point, the material continues to stretch even if the applied force isreduced, and
fracture quickly follows at the breaking point.

e A material with a large plasticregion between its elastic limit and fracture pointis ductile (can be drawn into wires); one with a
smallornegligible plasticregion is brittle (snaps soon after the elastic limit).

e Elastomers (e.g., rubber) stretch enormously — strains as large as 30% — without ever obeying Hooke's law over most of that
range, yetstill recover theirshape almost completely.

5. Hooke's Law and Young's Modulus

Hooke's law states that within the elastic limit, stress is directly proportional to the corresponding strain. The constant of
proportionality is called the modulus of elasticity, and for longitudinal deformation, this constantis Young's modulus.

stress = (modulus) x strain
Y =(F/A) / (AL/L) =FL / (AAL)

AL = MgL / (ATtr2y)

e Ydependsonly onthenature of the material, its temperature, and the impurities present — never on the values of stress or strain
themselves, sinceitis the ratio that stays constant within the elastic limit.

e Awire hangingunderits own weight stretches differently from one stretched by a single end-load, because the tension inside it
isn'tuniform — this special case isworked out separately in the next section.

6. Elongation of a Hanging Wire Under Its Own Weight

Forauniformrope of length L, cross-section A, and density p hanging vertically, the tension varies linearly alongits length —
maximum at the top, zero at the free end — so the stress and strain also vary pointto point.

AL =MgL / (2AY) = pgL? / (2Y)

e Thefactorof 2in the denominator (compared with a wire stretched by an externalload Mg atits end) reflects that the weight acts,
on average, as though concentrated at the rope's midpoint rather than atits very end.

e Stressis maximum atthe point of suspension (it must supportthe full weight below) and minimum — zero — at the free lower
end.

7. Bulk Modulus, Compressibility, and Modulus of Rigidity



Young's modulus describes resistance to a change in length. Two further moduli describe resistance to a change in volume and
resistance to achange in shape respectively.

K = (volume stress) / (volume strain) =-AP / (AV/V)
C=1/K

n = (shear stress) / (shear strain) =F / (Ag)

e Thenegativesign in K'sdefinition simply reflects that volume decreases when pressure increases — Kitself is reported as a
positive quantity.

e Kislargestforsolidsand smallest for gases, since gases compress far more readily than solids for the same change in pressure.

e Forliquidsand gases, Young's modulus and the modulus of rigidity are both effectively zero — fluids cannot sustain a fixed length
orresista permanentshape change the way solids can. Bulk modulus, by contrast, is meaningful for solids, liquids, and gases
alike.

e Foranideal (perfectly rigid) body, all three moduli — Y, K, and n — are taken as infinite, since no strain whatsoeveris produced
regardless of the stress applied.

e Modulusof rigidity is a property exclusive to solids, since only solids can sustain a fixed shape against a tangential (shearing) force.

8. Poisson's Ratio and Relations Between Elastic Constants

When awire is stretched, itdoesn't just get longer — it also gets thinner. Poisson's ratio quantifies exactly how much thinning
accompanies a given amount of stretching.

o = (lateral strain) / (longitudinal strain)
-1=s0=<05

0=0.2t004

Y=3K(1-20)=2n(1+0)

9/Y=3/n +1/K

e Sincegisaratio of two strains, itis dimensionless and unitless — exactly like strain itself.

e Given any two of the fourelastic constants (Y, K, n, 0), the relations above let you compute the remaining two for the same
material.

9. Elastic Potential Energy in a Stretched Wire

Stretching a wire requires work to be done against the internal restoring force, and since the wire is elastic, none of thiswork is lost — it
is stored entirely as potential energy within the stretched wire.

W=1%FAl
W = x (stress) x (strain) x (volume)
W =Y (strain)? x volume

e Thisfollows because the restoring force grows linearly with extension within the elasticlimit (F=YAx/L), so the work done is the
area of atriangle on the force-extension graph, exactly as with an ideal spring.

e Elasticpotential energy density (energy perunitvolume) equals 2 x stress x strain — and geometrically, thisis just the areaunder
the stress-strain curve up to that strain.

e Young'smodulusitselfis the slope of the stress-strain graph in the linear (Hooke's law) region.

10. Factors Affecting Elasticity

Elastic constants are properties of the material, but they are not fixed forever — temperature and impurities can shift them
measurably.



k =Y xro (ro = equilibrium interatomic spacing)

e Effectof temperature: astemperaturerises, intermolecular forces weaken, so Young's modulus generally decreases and the
material becomes more plastic. Invar steelis a special exception — its elastic constants stay nearly unchanged with temperature,
which iswhy it's used in precision instruments and pendulum clocks.

e Effectof impurities: adding impurities usually strengthensintermolecular attraction slightly, so Young's modulus tends to
increase a little — the material resists external deformation more effectively.

e Theinteratomicforce constantk behaves exactly like a tiny spring constant between neighbouring atoms, and is directly

proportional to the material'sYoung's modulus.

11. Applications of Elastic Behaviour

Elastic limits aren'tjust a theoretical curiosity — they directly decide how thick a crane's cable must be, how deep a girdershould be,
and even how tallamountain can grow before its own base gives way underthe load aboveiit.

AZW/S y=mg/S.y

H = (breaking stress of rock) / (pg)

e S_yistheyield strength (orsafe working stress) of the cable material,and Wis the weight of the load being lifted — engineers
always design with a safety margin well below the actual breaking stress.

e Agirder'ssagunderaload dependson its cross-sectional shape; forthe same materialand load, a deeper cross-section (larger
depth d) resists bending far more effectively than a wider, shallower one, which is why I-beams and railway girders are built tall
ratherthan flat.

e The maximum possible height of amountain works out to roughly 10 km for typical rock — beyond this, the compressive stress at
the base would exceed the rock's breaking stress and it would simply give way, which is consistent with Earth's tallest peaks.
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